
❆❞✈❛♥❝❡s ✐♥ t❤❡ ❚❤❡♦r② ♦❢ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s ✹ ✭✷✵✷✵✮ ◆♦✳ ✹✱ ✷✹✸✕✷✺✶✳
❤tt♣s✿✴✴❞♦✐✳♦r❣✴✶✵✳✸✶✶✾✼✴❛t♥❛❛✳✼✹✸✹✸✻
❆✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ❛t ✇✇✇✳❛t♥❛❛✳♦r❣

❘❡s❡❛r❝❤ ❆rt✐❝❧❡

❆♣♣❧✐❝❛t✐♦♥ ♦❢ P❛s❝❛❧ ❞✐str✐❜✉t✐♦♥ s❡r✐❡s t♦

❘ø♥♥✐♥❣ t②♣❡ st❛r❧✐❦❡ ❛♥❞ ❝♦♥✈❡① ❢✉♥❝t✐♦♥s

●❛♥❣❛❞❤❛r❛♥ ▼✉r✉❣✉s✉♥❞❛r❛♠♦♦rt❤②❛

❛❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❙❝❤♦♦❧ ♦❢ ❆❞✈❛♥❝❡❞ ❙❝✐❡♥❝❡s✱ ❱❡❧❧♦r❡ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②
✭❉❡❡♠❡❞ t♦ ❜❡ ❯♥✐✈❡rs✐t②✮✱ ❱❡❧❧♦r❡ ✻✸✷ ✵✶✹✱ ■♥❞✐❛

❆❜str❛❝t

■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ P❛s❝❛❧ ❞✐str✐❜✉t✐♦♥ s❡r✐❡s ❛♥❞ t❤❡ ❝❧❛ss ♦❢ ❛♥❛❧②t✐❝
❢✉♥❝t✐♦♥s f ♥♦r♠❛❧✐③❡❞ ❜② f(0) = f ′(0) − 1 = 0 ✐♥ t❤❡ ♦♣❡♥ ✉♥✐t ❞✐s❦ U = {z ∈ C : |z| < 1} ❛♥❞ ✐ts
❝♦❡✣❝✐❡♥ts ❛r❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ P❛s❝❛❧ ❞✐str✐❜✉t✐♦♥✳▼♦r❡ ♣r❡❝✐s❡❧② ✱✇❡ ❞❡t❡r♠✐♥❡ s✉❝❤ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤
♣❛r❛❜♦❧✐❝ st❛r❧✐❦❡ ❛♥❞ ✉♥✐❢♦r♠❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ♦♣❡♥ ✉♥✐t ❞✐s❦ U ✳

❑❡②✇♦r❞s✿ ❙t❛r❧✐❦❡ ❢✉♥❝t✐♦♥s ❈♦♥✈❡① ❢✉♥❝t✐♦♥s ❯♥✐❢♦r♠❧② ❙t❛r❧✐❦❡ ❢✉♥❝t✐♦♥s ❯♥✐❢♦r♠❧② ❈♦♥✈❡①
❢✉♥❝t✐♦♥s ❍❛❞❛♠❛r❞ ♣r♦❞✉❝t P❛s❝❛❧ ❞✐str✐❜✉t✐♦♥ s❡r✐❡s✳
✷✵✶✵ ▼❙❈✿ ✸✵❈✹✺✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

▲❡t U r❡♣r❡s❡♥t t❤❡ ✉♥✐t ❞✐s❦ {z ∈ C : |z| < 1} ❛♥❞ H r❡♣r❡s❡♥t t❤❡ s❡t ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ✐♥ U✳ ❲❡
s✉♣♣♦s❡ A ❞❡♥♦t❡ t❤❡ s✉❜s❡t ♦❢ H ❝♦♠♣r✐s✐♥❣ ♦❢ ❢✉♥❝t✐♦♥s

f(z) = z +

∞
∑

n=2

anz
n z ∈ U, ✭✶✮

♥♦r♠❛❧✐③❡❞ ❜② f(0) = 0 = f ′(0)− 1 ❛♥❞ ✉♥✐✈❛❧❡♥t ✐♥ U. ❉❡♥♦t❡ ❜② T t❤❡ s✉❜❝❧❛ss ♦❢ A ✇❤♦s❡ ♠❡♠❜❡rs ❛r❡

f(z) = z −
∞
∑

n=2

anz
n, an ≥ 0. ✭✷✮

❊♠❛✐❧ ❛❞❞r❡ss✿ ❣♠s♠♦♦rt❤②❅②❛❤♦♦✳❝♦♠❀❣♠s❅✈✐t✳❛❝✳✐♥ ✭●❛♥❣❛❞❤❛r❛♥ ▼✉r✉❣✉s✉♥❞❛r❛♠♦♦rt❤②✮

❘❡❝❡✐✈❡❞ ▼❛② ✷✼✱ ✷✵✷✵✱ ❆❝❝❡♣t❡❞✿ ❙❡♣t❡♠❜❡r ✷✽✱ ✷✵✷✵✱ ❖♥❧✐♥❡✿ ❖❝t♦❜❡r ✶✹✱ ✷✵✷✵✳
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❋♦r ❢✉♥❝t✐♦♥s f1(z) = z +
∑

∞

n=2 an,1z
n ❛♥❞ f2(z) = z +

∑

∞

n=2 an,2z
n, ✐♥ A t❤❡♥ t❤❡ ❍❛❞❛♠❛r❞ ♣r♦❞✉❝t ✭♦r

❝♦♥✈♦❧✉t✐♦♥✮ ♦❢ f1 ❛♥❞ f2 ❜②

(f1 ∗ f2)(z) = z +

∞
∑

n=2

an,1an,2z
n, z ∈ U.

❋♦r 0 ≤ α < 1, ✇❡ ❧❡t t❤❡ ✇❡❧❧ ❦♥♦✇♥ s✉❜❝❧❛ss❡s ♦❢ A ❛s ❜❡❧♦✇✿

✶✳ S∗(α) =
{

f ∈ A : ℜ
(

zf ′(z)
f(z)

)

> α
}

✷✳ K(α) =
{

f ∈ A : ℜ
(

1 + zf ′′(z)
f ′(z)

)

> α
}

❛♥❞

✸✳ R(α) = {f ∈ A : ℜ (f ′(z)) > α}

✇❤❡r❡ z ∈ U. ❖❜✈✐♦✉s❧② S∗(0) =: S∗, ❋✉rt❤❡r✱ K = K(0)✳ ❋✉rt❤❡r✱ ♥♦t❡ t❤❛t f ∈ K(α) ⇐⇒ zf ′ ∈ S∗(α).
❉✉❡ t♦ ❆❧✐ ❡t ❛❧✳✱ ❬✶❪ ❛♥❞ ▼✉r✉❣✉s✉♥❞❛r❛♠♦♦rt❤② ❡t ❛❧✳✱ ❬✾❪ ✇❡ st❛t❡Mµ(ϑ, ν) ❛♥❞ Nµ(ϑ, ν) t❤❡ s✉❜❝❧❛ss❡s

♦❢ A ❛s ❜❡❧♦✇✿
❋♦r s♦♠❡ ϑ (0 ≤ ϑ < 1), µ (0 ≤ µ ≤ 1), ν ≥ 0 ❛♥❞ f ∈ A ❜❡ ❣✐✈❡♥ ❜② ✭✶✮✱ ✇❡ ❧❡t f ∈ Mµ(ϑ, ν) ✐❢ ✐t

s❛t✐s❢② t❤❡ ❛♥❛❧②t✐❝ ❝r✐t❡r✐❛

ℜ

(

zf ′(z)

(1− µ)z + µf(z)
− ϑ

)

> ν

∣

∣

∣

∣

zf ′(z)

(1− µ)z + µf(z)
− 1

∣

∣

∣

∣

, z ∈ U

❛♥❞ ❛❧s♦ ❧❡t f ∈ Nµ(ϑ, ν), ✐❢ ✐t s❛t✐s❢② t❤❡ ❝r✐t❡r✐❛

ℜ

(

zf ′(z) + z2f ′′(z)

(1− µ)z + µzf ′(z)
− ϑ

)

> ν

∣

∣

∣

∣

zf ′(z) + z2f ′′(z)

(1− µ)z + µzf ′(z)
− 1

∣

∣

∣

∣

, z ∈ U.

◆♦t❡ t❤❛tM1(ϑ, ν) ≡ SP(ϑ, ν) ❛♥❞ N1(ϑ, ν) ≡ UCV(ϑ, ν)❬✸❪✳ ❋✉rt❤❡r✱ ❞❡♥♦t❡ M∗
µ(ϑ, ν) = Mµ(ϑ, ν)∩T ❛♥❞

N ∗
µ(ϑ, ν) = Nµ(ϑ, ν) ∩ T , t❤❡ s✉❜❝❧❛ss❡s ♦❢ T ❛❧s♦ s♣❡❝✐❛❧✐③✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ✇❡ ♥♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✶✳ M∗
1(ϑ, ν) ≡ T SP(ϑ, ν)❬✸❪

✷✳ M∗
1(0, ν) ≡ T SP(ν)❬✶✹❪

✸✳ N ∗
1 (ϑ, ν) ≡ UCT (ϑ, ν)❬✸❪

✹✳ N ∗
1 (0, ν) ≡ UCT (0ν)❬✶✹❪

❊①❛♠♣❧❡ ✶✳✶✳ ❋♦r s♦♠❡ ϑ(0 ≤ ϑ < 1)✱ ν ≥ 0, ❛♥❞ ✜①✐♥❣ µ = 0 ❛♥❞ f ∈ A ❜❡ ❣✐✈❡♥ ❜②✭✶✮✱✇❡ ❧❡t
✭✐✮M0(ϑ, ν) ≡ USD(ϑ, ν) ✐❢

ℜ
(

f ′(z)− ϑ
)

> ν
∣

∣f ′(z)− 1
∣

∣ z ∈ U

✭✐✐✮ N0(ϑ, ν) ≡ UCD(ϑ, ν) ✐❢

ℜ
(

(zf ′(z))′ − ϑ
)

> ν
∣

∣(zf ′(z))′ − 1
∣

∣ , z ∈ U.

▼✉r✉❣✉s✉♥❞❛r❛♠♦♦rt❤② ❡t ❛❧✳✱ ❬✾❪ ❤❛✈❡ st✉❞✐❡❞ Mµ(ϑ, ν) ❛♥❞ Nµ(ϑ, ν) ❜❛s❡❞ ♦♥ ❍✉r✇✐t③✲③❡t❛ ❢✉♥❝t✐♦♥s✳
❚♦ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧ts ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✱ ♣r♦✈❡❞ ❛♥❞ st❛t❡❞ ✭❛ s♣❡❝✐❛❧ ❝❛s❡s ❣✐✈❡♥✮ ✐♥ ❬✾❪✳

▲❡♠♠❛ ✶✳✶✳ ❬✾❪ ▲❡t f ∈ A ❜❡ ❣✐✈❡♥ ❜② ✭✶✮✱t❤❡♥ f ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss

✶✳ Mµ(ϑ, ν) ✐❢
∞
∑

n=2

[n(1 + ν)− µ(ϑ+ ν)]|an| ≤ 1− ϑ. ✭✸✮
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✷✳ Nµ(ϑ, ν) ✐❢
∞
∑

n=2

n[n(1 + ν)− µ(ϑ+ ν)]|an| ≤ 1− ϑ. ✭✹✮

✸✳ SP(ϑ, ν) ✐❢
∞
∑

n=2

[n(1 + ν)− (ϑ+ ν)]|an| ≤ 1− ϑ.

✹✳ UCV(ϑ, ν) ✐❢
∞
∑

n=2

n[n(1 + ν)− (ϑ+ ν)]|an| ≤ 1− ϑ.

▲❡♠♠❛ ✶✳✷✳ ❬✾❪ ▲❡t f ∈ A ❜❡ ❣✐✈❡♥ ❜② ✭✶✮✱t❤❡♥ f ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss

✶✳ USD(ϑ, ν) ✐❢
∞
∑

n=2

n(1 + ν)|an| ≤ 1− ϑ.

✷✳ UCD(ϑ, ν) ✐❢
∞
∑

n=2

n2(1 + ν)|an| ≤ 1− ϑ.

❘❡♠❛r❦ ✶✳✶✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✶✳✶ ❛♥❞ ✶✳✷ ❛r❡ ❜♦t❤ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ✐❢ f ∈ T ❜❡ ❣✐✈❡♥
❜② ✭✷✮✳

❙♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s ✭s❡r✐❡s✮ ♣❧❛② ❛ ✈✐t❛❧ r♦❧❡ ✐♥ ❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ t❤❡♦r②✱ ❡①❝❧✉s✐✈❡❧② ✐♥ t❤❡ ♣r♦♦❢ ❜② ❞❡
❇r❛♥❣❡s ♦❢ t❤❡ ❢❛♠♦✉s ❇✐❡❜❡r❜❛❝❤ ❝♦♥❥❡❝t✉r❡✳ ❚❤❡ ❛st♦♥✐s❤✐♥❣ ✉s❡ ♦❢ s♣❡❝✐❛❧ ❢✉♥❝t✐♦♥s ✭❤②♣❡r❣❡♦♠❡tr✐❝
❢✉♥❝t✐♦♥s✮ ❤❛s ♣r♦✈♦❦❡❞ r❡♥❡✇❡❞ ❛tt❡♥t✐♦♥ ✐♥ ❢✉♥❝t✐♦♥ t❤❡♦r② ✐♥ t❤❡ ❧❛st ❢❡✇ ❞❡❝❛❞❡s ✭s❡❡❬✹✱ ✻✱ ✶✷✱ ✶✻✱ ✶✼❪✮
❛♥❞ ❧❛t❡❧② ❜② ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ s❡r✐❡s ❬✷✱ ✺✱ ✽✱ ✶✵✱ ✶✶❪✳

❆ ✈❛r✐❛❜❧❡ χ ✐s s❛✐❞ t♦ ❜❡ P❛s❝❛❧ ❞✐str✐❜✉t✐♦♥ ✐❢ ✐t t❛❦❡s t❤❡ ✈❛❧✉❡s 0, 1, 2, 3, . . . ✇✐t❤ ♣r♦❜❛❜✐❧✐t✐❡s

(1− q)κ, qκ(1−q)κ

1! ,
q2κ(κ+1)(1−q)κ

2! ,
q3κ(κ+1)(κ+2)(1−q)κ

3! , . . . r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ q ❛♥❞ κ ❛r❡ ❝❛❧❧❡❞ t❤❡ ♣❛r❛♠❡✲
t❡r✱❛♥❞ t❤✉s

P (χ = ̺) =

(

̺+ κ− 1

κ− 1

)

q̺(1− q)κ, ̺ = 0, 1, 2, 3, . . .

▲❛t❡❧②✱ ❢♦r κ ≥ 1; 0 ≤ q ≤ 1, ❊❧✲❉❡❡❜ ❡t ❛❧✳❬✺❪ ❣❛✈❡ ❛ ♣♦✇❡r s❡r✐❡s ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢
P❛s❝❛❧ ❞✐str✐❜✉t✐♦♥

Φm
q (z) = z +

∞
∑

n=2

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κzn, z ∈ U ✭✺✮

❲❡ ♥♦t❡ ❜② t❤❡ ❢❛♠✐❧✐❛r ❘❛t✐♦ ❚❡st t❤❛t t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ s❡r✐❡s ✐s ✐♥✜♥✐t②✳ ▼♦r❡ r❡❝❡♥t❧②✱
❇✉❧❜♦❛❝➔ ❛♥❞ ▼✉r✉❣✉s✉♥❞❛r❛♠♦♦rt❤② ❬✷❪ ✐♥tr♦❞✉❝❡❞ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ❜② t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ✭♦r ❍❛❞❛♠❛r❞✮
♣r♦❞✉❝t

Iκ
q : A → A

✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

Iκ
q f(z) = Φκ

q (z) ∗ f(z) = z +
∞
∑

n=2

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κanz
n, z ∈ U ✭✻✮

▼♦t✐✈❛t❡❞ ❜② t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ✇♦r❦s ♦♥ ❤②♣❡r❣❡♦♠❡tr✐❝ ❢✉♥❝t✐♦♥s ❬✹✱ ✻✱ ✶✷✱ ✶✻✱ ✶✼❪✱ ❛♥❞ ❞✐str✐❜✉t✐♦♥
❢✉♥❝t✐♦♥ ❬✷✱ ✺✱ ✽✱ ✶✵✱ ✶✶❪ ✇❡ ❣✐✈❡ t❤❡ ❝♦♥♥❡❝t✐♦♥s ❜❡t✇❡❡♥ P❛s❝❛❧ ❞✐str✐❜✉t✐♦♥ s❡r✐❡s ✇✐t❤ t❤❡ ❝❧❛ss❡s M∗

µ(ϑ, ν)
❛♥❞ N ∗

µ(ϑ, ν) ❜② ❛♣♣❧②✐♥❣ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❣✐✈❡♥ ❜② ✭✻✮✳
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❋♦r ❝♦♥✈❡♥✐❡♥❝❡ t❤r♦✉❣❤♦✉t ✐♥ t❤❡ s❡q✉❡❧✱ ❧❡t m ≥ 1; 0 ≤ q ≤ 1 ❛♥❞ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

∞
∑

n=0

(

n+ κ− 1

κ− 1

)

qn =
1

(1− q)κ
✭✼✮

∞
∑

n=0

(

n+ κ

κ

)

qn =
1

(1− q)κ+1
✭✽✮

∞
∑

n=0

(

n+ κ+ 1

κ+ 1

)

qn =
1

(1− q)κ+2
✭✾✮

❚❤❡♦r❡♠ ✶✳✶✳ ■❢ κ ≥ 1 t❤❡♥ Φκ
q (z) ∈ Mµ(ϑ, ν) ✐❢

(1 + ν)qκ

(1− q)
+ [(1 + ν)− µ(ϑ+ ν)] (1− (1− q)κ) ≤ 1− ϑ. ✭✶✵✮

Pr♦♦❢✳ ❙✐♥❝❡ Φκ
q (z) = z +

∞
∑

n=2

(

n+κ−2
κ−1

)

qn−1(1− q)κzn ∈ Mµ(ϑ, ν) ❜② ✈✐rt✉❡ ♦❢ ▲❡♠♠❛ ✶✳✶ ❛♥❞ ✭✸✮ ✐t s✉✐ts t♦

s❤♦✇ t❤❛t

L1(κ, µ, ϑ, ν) =
∞
∑

n=2

[n(1 + ν)− µ(ϑ+ ν)]

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ ≤ 1− ϑ.

◆♦✇ ❜② ✇r✐t✐♥❣ n = (n− 1) + 1 ✇❡ ❣❡t

L1(κ, µ, ϑ, ν) = (1 + ν)

∞
∑

n=2

n

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ

− µ(ϑ+ ν)
∞
∑

n=2

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ

= (1 + ν)(1− q)κ
∞
∑

n=2

(n− 1)

(

n+ κ− 2

κ− 1

)

qn−1

+ (1− q)κ[(1 + ν)− µ(ϑ+ ν)]
∞
∑

n=2

(

n+ κ− 2

κ− 1

)

qn−1

= (1 + ν)(1− q)κ
∞
∑

n=2

qκ

(

n+ κ− 2

κ

)

qn−2

+ (1− q)κ[(1 + ν)− µ(ϑ+ ν)]

∞
∑

n=2

(

n+ κ− 2

κ− 1

)

.qn−1

L1(κ, µ, ϑ, ν) = (1 + ν)(1− q)κ
∞
∑

n=0

qκ

(

n+ κ

κ

)

qn

+ (1− q)κ[(1 + ν)− µ(ϑ+ ν)]

(

∞
∑

n=0

(

n+ κ− 1

κ− 1

)

qn − 1

)

≤ (1 + ν)(1− q)κqκ
1

(1− q)κ+1

+ (1− q)κ[(1 + ν)− µ(ϑ+ ν)]

(

1

(1− q)κ
− 1

)

=
(1 + ν)qκ

(1− q)
+ [(1 + ν)− µ(ϑ+ ν)] (1− (1− q)κ) .

❇✉t L1(κ, µ, ϑ, ν) ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 1− ϑ ✐❢ ✭✶✵✮ ❤♦❧❞s✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳



●✳ ▼✉r✉❣✉s✉♥❞❛r❛♠♦♦rt❤②✱ ❆❞✈✳ ❚❤❡♦r② ◆♦♥❧✐♥❡❛r ❆♥❛❧✳ ❆♣♣❧✳ ✹ ✭✷✵✷✵✮✱ ✷✹✸✕✷✺✶✳ ✷✹✼

❚❤❡♦r❡♠ ✶✳✷✳ ■❢ κ ≥ 1 t❤❡♥ Φκ
q (z),∈ Nµ(ϑ, ν) ✐❢

(1 + ν)κ(κ+ 1)q2

(1− q)2
+

[3(1 + ν)− µ(ϑ+ ν)]qκ

1− q

+ [(1 + ν)− µ(ϑ+ ν)] (1− (1− q)κ) ≤ 1− ϑ. ✭✶✶✮

Pr♦♦❢✳ ❙✐♥❝❡ Φκ
q (z) = z +

∞
∑

n=2

(

n+κ−2
κ−1

)

qn−1(1− q)κzn ∈ Nµ(ϑ, ν)

❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✳✶ ❛♥❞ ✭✹✮✱ ✐t ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t

∞
∑

n=2

n[n(1 + ν)− µ(ϑ+ ν)]

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ ≤ 1− ϑ.

▲❡t

L2(κ, µ, ϑ, ν) =
∞
∑

n=2

(

n2(1 + ν)− nµ(ϑ+ ν)
)

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ.

❚❛❦✐♥❣ n = 1 + (n− 1) ❛♥❞ n2 = 1 + 3(n− 1) + (n− 1)(n− 2), ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❛❜♦✈❡ t❡r♠ ❛s

L2(κ, µ, ϑ, ν) = (1 + ν)(1− q)κ
∞
∑

n=2

(n− 1)(n− 2)

(

n+ κ− 2

κ− 1

)

qn−1

+ [3(1 + ν)− µ(ϑ+ ν)](1− q)κ
∞
∑

n=2

(n− 1)

(

n+ κ− 2

κ− 1

)

qn−1

+ [(1 + ν)− µ(ϑ+ ν)](1− q)κ
∞
∑

n=2

(

n+ κ− 2

κ− 1

)

qn−1.

❚❤❛t ✐s✱

L2(κ, µ, ϑ, ν) = (1 + ν)q2(1− q)κ
∞
∑

n=2

(n− 1)(n− 2)

(

n+ κ− 2

κ− 1

)

qn−3

+ [3(1 + ν)− µ(ϑ+ ν)](1− q)κ
∞
∑

n=2

qκ(n− 1)

(

n+ κ− 2

κ

)

qn−2

+ [(1 + ν)− µ(ϑ+ ν)](1− q)κ
∞
∑

n=2

(

n+ κ− 2

κ− 1

)

qn−1

=(1 + ν)q2(1− q)κ
∞
∑

n=3

(n− 1)(n− 2)

(

n+ κ− 2

κ− 1

)

qn−3

+ [3(1 + ν)− µ(ϑ+ ν)](1− q)κ
∞
∑

n=2

qκ(n− 1)

(

n+ κ− 2

κ

)

qn−2

+ [(1 + ν)− µ(ϑ+ ν)](1− q)κ
∞
∑

n=2

(

n+ κ− 2

κ− 1

)

qn−1

=(1 + ν)q2(1− q)κ
∞
∑

n=3

(n− 1)(n− 2)

(

n+ κ− 2

κ− 1

)

qn−3

+ [3(1 + ν)− µ(ϑ+ ν)](1− q)κ
∞
∑

n=2

qκ(n− 1)

(

n+ κ− 2

κ

)

qn−2

+ [(1 + ν)− µ(ϑ+ ν)](1− q)κ
∞
∑

n=2

(

n+ κ− 2

κ− 1

)

qn−1
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= (1 + ν)κ(κ+ 1)q2(1− q)κ
∞
∑

n=0

(

n+ κ+ 1

κ+ 1

)

qn

+ [3(1 + ν)− µ(ϑ+ ν)]qκ(1− q)κ
∞
∑

n=0

(

n+ κ

κ

)

qn

+ [(1 + ν)− µ(ϑ+ ν)](1− q)κ
(

1

(1− q)κ
− 1

)

=
(1 + ν)κ(κ+ 1)q2

(1− q)2
+

[3(1 + ν)− µ(ϑ+ ν)]qκ

1− q

+ [(1 + ν)− µ(ϑ+ ν)] (1− (1− q)κ) .

❇✉t L2(κ, µ, ϑ, ν) ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 1− ϑ ✐❢ ✭✶✶✮ ❤♦❧❞s✳ ❚❤✉s t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❈♦r♦❧❧❛r② ✶✳✶✳ ■❢ κ ≥ 1 t❤❡♥

✶✳ Φκ
q (z) ∈ SP(ϑ, ν) if

(1+ν)qκ
(1−q)κ+1 ≤ 1− ϑ

✷✳ Φκ
q (z) ∈ UCV(ϑ, ν) if (1+ν)κ(κ+1)q2

(1−q)κ+2 + [3+2ν−ϑ)]qκ
(1−q)κ+1 ≤ 1− ϑ.

✸✳ Φκ
q (z) ∈ USD(ϑ, ν) if (1 + ν)

[

qκ
(1−q) + 1− (1− q)κ

]

≤ 1− ϑ

✹✳ Φκ
q (z) ∈ UCD(ϑ, ν) if (1 + ν)

[

κ(κ+1)q2

(1−q)2
+ 3qκ

1−q
+ 1− (1− q)κ

]

≤ 1− ϑ.

✷✳ ■♥❝❧✉s✐♦♥ Pr♦♣❡rt✐❡s

❚❤❡ ❝❧❛ss Rτ (υ, δ) ✇❛s ❣✐✈❡♥ ❜② ❙✇❛♠✐♥❛t❤❛♥ ❬✶✼❪ ✭❢♦r s♣❡❝✐❛❧ ❝❛s❡s s❡❡ t❤❡ r❡❢❡r❡♥❝❡s ❝✐t❡❞ t❤❡r❡ ✐♥✮ ❛♥❞
❢♦r f ∈ Rτ (υ, δ) ❤❡ ♣r♦✈❡❞ t❤❡ r❡s✉❧t ❣✐✈❡♥ ❜❡❧♦✇✿

▲❡t f ∈ A ❜❡ ✐♥ Rτ (υ, δ)✱ (τ ∈ C\{0}, 0 < υ ≤ 1; δ < 1)✱ ✐❢ ✐t ❤♦❧❞s t❤❡ ✐♥❡q✉❛❧✐t②

∣

∣

∣

∣

∣

(1− υ)f(z)
z

+ υf ′(z)− 1

2τ(1− δ) + (1− υ)f(z)
z

+ υf ′(z)− 1

∣

∣

∣

∣

∣

< 1, (z ∈ U).

▲❡♠♠❛ ✷✳✶✳ ❬✶✼❪ ■❢ f ∈ Rτ (υ, δ) ✐s ♦❢ ❢♦r♠ ✭✶✮✱ t❤❡♥

|an| ≤
2 |τ | (1− δ)

1 + υ(n− 1)
, n ∈ N \ {1}. ✭✶✷✮

❚❤❡ ❜♦✉♥❞s ❣✐✈❡♥ ✐♥ ✭✶✷✮ ✐s s❤❛r♣✳

▼❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ▲❡♠♠❛ ✷✳✶✱✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ P❛s❝❛❧
❞✐str✐❜✉t✐♦♥ s❡r✐❡s ✇✐t❤ t❤❡ ❝❧❛ss Nµ(α, ν).

❚❤❡♦r❡♠ ✷✳✶✳ ■❢ κ ≥ 1 ❛♥❞ f ∈ Rτ (υ, δ)✱ ✐❢ t❤❡ ✐♥❡q✉❛❧✐t②

[

(1 + ν)qκ

(1− q)
+ [(1 + ν)− µ(ϑ+ ν)] (1− (1− q)κ)

]

≤
υ(1− ϑ)

2 |τ | (1− δ)
✭✶✸✮

✐s s❛t✐s✜❡❞✱ t❤❡♥ Iκ
q f(z) ∈ Nµ(α, ν).
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Pr♦♦❢✳ ▲❡t f ❜❡ ❣✐✈❡♥ ❜② ✭✶✮ ❛♥❞ ❛ ♠❡♠❜❡r ♦❢ Rτ (υ, δ). ❇② ❛ss❡t ♦❢ ▲❡♠♠❛ ✶✳✶ ❛♥❞ ✭✹✮ ✐t s✉✐ts t♦ s❤♦✇ t❤❛t

∞
∑

n=2

n[n(1 + ν)− µ(ϑ+ ν)]

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ|an| ≤ 1− ϑ.

❙✐♥❝❡ f ∈ Rτ (µ, δ) t❤❡♥ ❜② ▲❡♠♠❛ ✶✷ ✇❡ ❤❛✈❡

|an| ≤
2 |τ | (1− δ)

1 + υ(n− 1)
, n ∈ N \ {1}.

▲❡t

L3(κ, µ, ϑ, ν) =
∞
∑

n=2

n[n(1 + ν)− µ(ϑ+ ν)]

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ|an|

≤ 2 |τ | (1− δ)
∞
∑

n=2

n
[n(1 + ν)− µ(ϑ+ ν)]

1 + µ(n− 1)

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ.

❙✐♥❝❡ 1 + υ(n− 1) ≥ nυ, ✇❡ ❣❡t

L3(κ, µ, ϑ, ν) ≤
2 |τ | (1− δ)

υ

∞
∑

n=2

[n(1 + ν)− µ(ϑ+ ν)]

×

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ.

Pr♦❝❡❡❞✐♥❣ ❛s ✐♥ ❚❤❡♦r❡♠ ✶✳✶✱ ✇❡ ❣❡t

L3(κ, µ, ϑ, ν)

≤
2 |τ | (1− δ)

υ

[

(1 + ν)qκ

(1− q)
+ [(1 + ν)− µ(ϑ+ ν)] (1− (1− q)κ)

]

.

❇✉t t❤❡ ❡①♣r❡ss✐♦♥ L3(κ, µ, ϑ, ν) ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 1− ϑ ✐❢ ✭✶✺✮ ❤♦❧❞s✳ ❚❤✉s t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❈♦r♦❧❧❛r② ✷✳✶✳ ■❢ κ ≥ 1 ❛♥❞ f ∈ Rτ (υ, δ)✱ ✐❢ t❤❡ ✐♥❡q✉❛❧✐t②

[

(1 + ν)κ(κ+ 1)q2

(1− q)κ+2
+

[3 + 2ν − ϑ)]qκ

(1− q)κ+1

]

≤
υ(1− ϑ)

2 |τ | (1− δ)
✭✶✹✮

✐s s❛t✐s✜❡❞✱ t❤❡♥ Iκ
q f(z) ∈ UCV(ϑ, ν).

❈♦r♦❧❧❛r② ✷✳✷✳ ■❢ κ ≥ 1 ❛♥❞ f ∈ Rτ (υ, δ)✱ ✐❢ t❤❡ ✐♥❡q✉❛❧✐t②

(1 + ν)

[

κ(κ+ 1)q2

(1− q)2
+

3qκ

1− q
+ 1− (1− q)κ

]

≤
υ(1− ϑ)

2 |τ | (1− δ)
✭✶✺✮

✐s s❛t✐s✜❡❞✱ t❤❡♥ Iκ
q f(z) ∈ UCD(ϑ, ν).

❘❡♠❛r❦ ✷✳✶✳ ❚❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❛❧s♦ ♥❡❝❡ss❛r② ❢♦r ❢✉♥❝t✐♦♥s Φκ
q (z) ♦❢ t❤❡ ❢♦r♠✭✺✮✳

❚❤❡♦r❡♠ ✷✳✷✳ ▲❡t κ ≥ 1✱ ❛♥❞ L(κ, z) =
∫ z

0

Iκ

q
(t)

t
dt t❤❡♥ L(κ, z) ∈ Nµ(ϑ, ν) ✐❢ ❛♥❞ ♦♥❧② ✐❢

(1 + ν)qκ

(1− q)
+ [(1 + ν)− µ(ϑ+ ν)] (1− (1− q)κ) ≤ 1− ϑ. ✭✶✻✮
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L(κ, z) = z +
∞
∑

n=2

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ
zn

n

t❤❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✶ ✇❡ r❡q✉✐s✐t❡ t♦ ❝♦♥✜r♠ t❤❛t

∞
∑

n=2

n[n(1 + ν)− µ(ϑ+ ν)]
1

n

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ ≤ 1− ϑ.

❚❤❛t ✐s✱
∞
∑

n=2

[n(1 + ν)− µ(ϑ+ ν)]

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ ≤ 1− ϑ.

◆♦✇ ❜② ❡①♣r❡ss✐♥❣ n = (n− 1) + 1 ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ❧✐♥❡s ♦❢ ❚❤❡♦r❡♠ ✶✳✶✱ ✇❡ ❣❡t

∞
∑

n=2

[n(1 + ν)− µ(ϑ+ ν)]

(

n+ κ− 2

κ− 1

)

qn−1(1− q)κ

=

[

(1 + ν)qκ

(1− q)
+ [(1 + ν)− µ(ϑ+ ν)] (1− (1− q)κ)

]

✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② 1− ϑ ✐❢ ✭✶✻✮ ❤♦❧❞s✳

❈♦r♦❧❧❛r② ✷✳✸✳ ▲❡t κ ≥ 1 ❛♥❞ L(κ, z) =
∫ z

0

Iκ

q
(t)

t
dt✱t❤❡♥

✶✳ L(κ, z) ∈ UCT (ϑ, ν) ⇔ (1+ν)qκ
(1−q)κ+1 ≤ 1− ϑ,

❛♥❞

✷✳ L(κ, z) ∈ UCD(ϑ, ν) ⇔ (1 + ν)
(

qκ
1−q

+ 1− (1− q)m
)

≤ 1− ϑ.

❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦✿ ❇② s♣❡❝✐❛❧✐③✐♥❣ µ = 0 ♦r µ = 1 ❛♥❞ ✜①✐♥❣ ϑ = 0 ✐♥ ❚❤❡♦r❡♠s ♣r♦✈❡❞ ✐♥ ♣r❡s❡♥t
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